A well-known syatero of two amplitude equations is considered that describes the weakly nonlinear evolution of many nonequilibrium systems at the onset of the so-called oscillatory instability. Those equations depend on a small parameter, e, that is a ratio between two distinguished spatial scales. In the limit e -• 0, a simpler asymptotic model is obtained that consists of two complex cubic Ginzburg-Landau equations, coupled only by spatially averaged térras.
Here A and B are appropriately smooth complex-valued functions of the spatial variable x and the time í; i is the imaginary unit; the real parameters a, 0, 7, 6, /i, and a are such that (1.5) n > 0, 7 < 1, and 0 < a < 2n, and the real parameter e > 0 is assumed to be small. The functions Ao and B<¡ appearing in the initial conditions (1.4) are appropriately smooth. Then, as we shall see in §3, the problem (1.1)-(1.4) is well posed and its solution is defined in 0 < t < 00. In addition, we shall consider the problem (1.1)-(1.4) under one of the following additional conditions:
(1.6)
A(x, t) = -B(-x, t) if x € R, t > 0, (1.7)
A(x,t) = B(-x,t) ifxeR, í>0.
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As we shall see in §3 each of these conditions is compatible with (1.1)-(1.4) in the foUowing sense: if a solution of (1.1)-(1.4) satisfies that condition for t = 0, then the condition holds for alH > 0.
Equations (1.1), (1.2) appear as a normal form in a weakly nonlinear analysis of nonequilibrium systems at the onset of the so-called oscillatory instability, see [l] - [4] . In particular, they have been used in the analysis of wave dynamics in doubly diffusive and binary fluid convection (see [1] , [5] , [6] ), and some of their solutions have been seen to describe qualitatively the results of some experiments (see [7] - [ll] ).
Let us now explain briefly how these equations are obtained and where conditions (1.3), (1.6), and (1.7) come from. We consider a system of PDEs of the form where u = (ui,..., UJV) is a function of the space variable X, and the time variable T, R is a control parameter, and G is a nonlinear differential operator (invariant under space translations, X -> X+c, and renection, X -• -X) such that G(d 2 /dX 2 ,0; R) = 0 (the uniform state u = 0 is a stationary solution of (1.8) for all R).
Let <p(u, k 2 , R) -0 (w = growth rate, fe = wave number) be the complex dispersión relation of the linearized problem about u = 0. We assume that the growth rate of the most unstable modes are of the form
as R -> 0 and fe -• ±feo, while Reo; < 0 otherwise. Here the coefEcients íl and feo are real, while ci±, c-z and C3± are complex, and such that ci_ = ci+, C3-= C3 + (overbars stand for the complex conjúgate) and (1.9) íí > 0, feo > 0, Reci+ > 0, Rec 2 = 0, Rec 3+ > 0.
Notice that the corresponding neutrally stable modes at R = 0 are of the form
for a certain eigenvector U<¡ 6 C^, where the complex amplitudes A and B are arbi-' trary and ce. stands for the complex conjúgate. That mode is the superposition of two wavetrains that are travelling in opposite directions. The weakly nonlinear stabil-* ity of those pairs of waves, as R -* 0, is analyzed by appropriately scaling the complex * amplitudes and allowing them to depend on the slow time and space variables t = s 2 T and x = eX, where the small parameter e > 0 is defined by e 2 = R. If the ansatz
is inserted into (1.8) and the appropriate solvability conditions are applied at the orders 0(e 2 ) and 0(e 3 ), then the foUowing evolution equations are obtained (at the order 0(e 3 )):
( where the coefBcients ci+, C2, and C3+ are as defined above, and C4 and C5 depend on the leading nonlinear terms of (1.8). Equations (1.11), (1.12) may be obtained quite directly by symmetry considerations (see [1] ), but the actual valúes of the coefficients C4 and C5 must be obtained by the process described above (which usually leads to quite tedious calculations, even with the help of symbolic algebra). Notice that the coefficient {c^ko/ié) is real and large as e -» 0 if C2 ^ 0 as we are assuming (the assumption C2 = 0 would restrict the analysis to a codimension-two point of the parameter space of (1.8)). In addition to (1.9), the following supercriticality assumption will be made:
(1.13) Rec 4 < 0, Re(c 4 + c 5 ) < 0.
In fact, if (1.13) does not hold, then (1.11), (1.12) possess solutions that either are unbounded as t -• 00 or blow up in a finite time, as is readily seen by considering spatially uniform solutions. Now, let us impose the following spatial periodicity condition on the solutions of (1.8):
where the period L depends on e in such a way that eL -+ l > 0 and 27r fract (koL/2ir) -* d as e -• 0 (fract(z) stands for the fractionary part of the real z). Then if condition (1.14) is imposed on (1.10), the following conditions are obtained (to the leading order):
Observe that the conditions (1.14) are appropriate to analyze the problem (1.8) in a finite interval, 0 < X < L/2, if the boundary conditions at X = 0 and L/2 are either of the Dirichlet (u = 0) or Neumann (i¿x = 0) type. This is readily seen when » u is extended to -00 < X < 00 by means of the appropriate reflexión principie: The main object of this paper is to obtain rigorously the following approximate model (of (1.1)-(1.4)) in the limit e -• 0 : 
These two models were first obtained, independently, by Knobloch and De Luca [12] and by Alvarez-Pereira and Vega [13] . In both cases a formal derivation was made, by means of perturbation techniques. In fact, in [13] the problem under consideration was not of the type (1.8), but (1.20)-(1.23) and (1.25)-(1.26) appeared in a weakly nonlineax stability analysis, in two space dimensions, of travelling plañe wave-fronts in a reaction-diffusion system arising in combustión theory; that problem is essentially more involved than (1.8) , and the models (1.20)-(1.23) and (1.25)-(1.26) were obtained in a particular limit.
The paper is organized as follows. For convenience, a formal derivation (by means of a two-time scales method) of (1.20)-(1.23) is given in §2. Section 3 includes some preliminaries concerning the model (1.1)-(1.4), a rigorous derivation of the approximate models and some basic properties of these models. Finally, in §4 we describe further properties of the approximate models, and make some conjectures.
A formal derivation of the model (1.20)-(1.23).
Here we give a formal derivation of model (1.20)-(1.23) by means of perturbation techniques (the second asymptotic model is easily obtained from the first one, as it will be seen in §3). That derivation will give the key idea for the rigorous analysis of next section. In addition, it will provide some insight into the nature of the limit e -• 0, by explaining why it is natural to expect the appearance of the spatial averaged terms in the approximate models.
As e -* 0, there are two obvious time scales in (1.1), (1.2):
(2.1) t ~ 1 and r = t/e ~ 1.
The latter comes when balancing At with -e~1A x in (1.1) (or Bt with e~lB x in (1.2)). Then we shall seek the expansions
A(x,t) = Áo(x,r,t) + eÁi(x,r,t) -i , B(x,t) = B 0 (x,T,t) + e£?i(a:,r,r) H .
When these expansions are inserted into (1.1)-(1.3), and the coefñcients of e° and e 1 are set to zero, the following problems are obtained:
for j = 0 and 1. The wave equations (2.2) readily yield
for some functions (y,i) -> Vo(y,t) and (z,t) -+ Wo(z,t) that satisfy (1.22), (1.23) (see (2.5), (2.6)) and are otherwise arbitrary (at the moment). Then the solution of (2.3), (2.4) may be found in close-form
Wo j^T X |VÍ,(l/,í)| 2 d2/ for some functions Vi and Wi (to be determined at later stages). Now, by eliminating secular terms in the fast time scale, i.e., by requiring the right-hand side of (2.7) to be bounded as r -» oo (í = constant in this time scale) we readily obtain
T-+CO J0
Notice that for each fixed valué of y = x -T, the first three terms in the lefthand side of this equation are constant (recall that t = constant at this time stage), while the last one is of the form (7 + i6)Vo\im T ->oo(2r) Observe that, to the leading order, in the fast time scale (r ~ 1), the amplitudes A and B satisfy the wave equations (2.2), whose solution represents two waves that are travelling in opposite directions. If one moves in a reference frame attached to the wave associated with A (i.e., if x -r = constant), then the wave associated with B is seen to travel at a speed 2 in the fast time scale, or at a speed 2/e (-• 00 as e -• 0) in the slow time scale. Therefore, if t ~ 1, then the spatial structure of B is not appreciated from the reference frame moving with A; only the spatial mean valué of |B| 2 over a period is seen. This explains the appearance of the spatial averages in the asymptotic equations, and suggests the main argument in the proof of Theorem 3.4 below. concerning the models (1.1)-(1.4), (1.20)-(1.23), and  (1.25)-(1.26) . Here we first consider some preliminary properties of the model (1.1)-(1.4). Then, the approximate models (1.20)-(1.23) and (1.25)-(1.27) are rigorously derived. Finally, some basic properties of the approximate models are given. The model (1.1)-(1.4) . In order to prove that the model (1.1)-(1.4) is well posed we could modify appropriately an abstract result by Ghidaglia [14] that was used be Temam [15] to prove the well-posedness of the standard complex cubic Ginzburg-Landau equation in finite domains with standard boundary conditions. Nevertheless, for the sake of brevity, we shall follow a more direct approach, based on a classical result by Henry [16] . A(x,t),B(x, t) 
Main results

3.1.
Proof. We first state (1.1)-(1.4) in an appropriate abstract setting (after decomplexification and restriction to the bounded interval 0 < x < 1, with the appropriate boundary conditions at x = 0,1, obtained from (1.3)) as 4 is defined in such a way that / : X -• X is a substitution perator, and 4 : u satisfies the boundary conditions at x = 0,1}. 6) (respectively, (1.7) ) holds for all t > 0.
Proof. Let (A, B) be a classical solution of (1.1)-(1.4) satisfying (1.6) (if it satisfies (1.7) the argument is similar) at t = 0, and let the pair of functions Ai and B\ be defined by 
A\(x,t) = -B(-x,t) and B\(x,t) = -A(-x,t). The pair (Ai
), Ai(x, t) = A(x, t) and Bi(x, t) -B(x, t)
for all x € R and allí > 0, i.e., condition (1.6) holds for all t > 0, as stated. G
A rigorous derivation of the approximate models.
As suggested by the formal derivation in §2, the approximate models will be obtained, in Theorem 3.4, by means of an averaging method. To apply that method we need some estimates on (1.1)-(1.4) that hold uniformly as s -• 0 (see Lemma 3.5 below). Two basic inequalities that will be used systematically in the proof of Lemma 3.3 are first given.
Ifu We now give some uniform estimates on the solutions of (1.1)-(1.4). For the sake of brevity, we shall not try to obtain the best possible valúes of the bounding constants Ko, T, and CQ. Notice that these constants are independent of e, that Co is also independent of the particular solution of (1.1)-(1.4), and that Ko and T depend on it only through #¿(0). LEMMA Proof. The estimates (3.5) will be obtained successively for 0o, 0i, and 02. For the sake of clarity we shall simplify the notation as follows. Every constant appearing below that depends only on 0, 7, S, fi, <j>i(0), 02(0), and 03(0) (respectively, on (i, 7, 6, and fi) will be denoted always as K (respectively, as C).
Step Step 2. The estimates (3.5) for <f>\. Now, we multiply (1.1) by -A xx , (1.2) by -B xx , add the resulting equations, take the real part, intégrate on 0 < x < 1, intégrate by parts and use (1.3). Then, the following equation follows: .5) is obtained in a similar way, when taking into account that it holds for <j>o, and using an appropriate linear combination of the inequalities (3.6) and (3.8).
Step 3. The estimates (3.5) for <fo-Again, we shall use the following equation, which is obtained by differentiating (1.1) and (1.2) with respect to x, multiplying the resulting equations by -A xxx and -B xxx , respectively, adding, taking the real part, integrating on 0 < x < 1, integrating by parts, and using (1.3): (3.9) % =-203 + 2/z(¿ 2 + F 3 + F 4 ifí>0, at where fa is defined as in (3.4) and (recall that ce. stands for the complex conjúgate) But, according to the mean valué theorem, if t > 0, then ]^4(x, t)\ 2 < 2<j>o(t) + (j>i(t), and \B(x,t)\ 2 < 2<f>o(t) + ^i(í). Then, by applying Hólder's inequality we readily obtain F 3 +F 4 < C[<t>o(t) + 0i(í)]0i(í) 1/2 </>3(í) 1/2 for all t > 0, where the constant C is as defined at the beginning of the proof (in fact, it depends only on /?, 7, and 6). Then, (3.9) yields dfc/dt = -2<t> 3 
if t > 0, and by the argument leading to (3.8) above,
Now, if (3.8) is multiplied by A = 1 + 2|/¿| > 0, the resulting equation is added to (3.10) and the first estímate (3.5) for (¡>o and <j>\ is used, then the following inequality is obtained: d{<j>2 + \<¡>i)/dt < -(<f>2 + ^<f>i) + K if t > 0, where the constant K is as defined at the beginning of the proof. By using this inequality, the first estímate (3.5) readily follows for fo. Again, the second estímate (3.5) is obtained similarly, when taking into account that it holds for <po and (j>i, and using the appropriate linear combination of (3.8) and (3.10). Thus, the proof is complete. D Now, we show that if £ is sufficiently small, then the solutions of (1. 
Also, according to Lemma 3.5 (see also (3.17) (3, 7, 6 , and n (respectively, on (3, 7, 6, and [i) . 1)-(1.3), (1.7) ) that is considered, but they apply only for sufficiently large time.
3.3. Some basic properties of the approximate models. Here we give two basic properties of the approximate models, namely, that they are well posed and possess a globally attracting set. 20)-(1.23) (respectively, (1.25)-(1.26) Proof. The proof of the first statement is completely similar to that of Theorem 3.1, and the second statement is proven by the ideas in the proof of Lemma 3.3. D Remark 3.8. If, in addition to the assumptions in Theorem 3.7, fi < 0, then the constant C may be taken arbitrarily small; this means that the trivial solutions of (1.20)-(1.23) and (1.25)-(1.26), A = B = 0 and A = 0, are globally, asymptotically stable in this case. Therefore, if /i < 0, then the dynamics of the approximate models are trivial. If 7 = 1 (respectively, 7 < 1), then both approximate models possess solutions that are unbounded as t -* 00 (respectively, that blow up in a finite time), as is seen by considering spatially uniform solutions of both models.
